Abstract: Information spreading processes are the key drivers of marketing campaigns. Activity on social media delivers more detailed information compared to viral marketing in traditional media. Monitoring the performance of outdoor campaigns that are carried out using this transportation system is even more complicated because of the lack of data. The approach that is presented in this paper is based on cellular automata and enables the modelling of the information-spreading processes that are initiated by transit advertising within an urban space. The evaluation of classical and graph cellular automata models and a coverage analysis of transit advertising based on tram lines were performed. The results demonstrated how the number of lines affects the performance in terms of coverage within an urban space and the differences between the proposed models. While research is based on an exemplary dataset taken from Szczecin (Poland), the presented framework can be used together with data from the public transport system for modelling advertising resources usage and coverage within the urban space.
Introduction
While spending on traditional media has decreased due to lower advertising budgets, outdoor advertising is the only type of traditional marketing with an observed growth (2.7%) in 2017 [1] . Globally, outdoor advertising spending was estimated at US $31 billion dollars in 2016 [2] . US $6.99 billion was spent on outdoor advertising in 2007, with a 6.1% growth compared to a decade earlier [3] . In China and Japan, an increase of 14% was observed, along with a similar trend in Europe, with increases of more than 10% in France and Greece and a similar pattern in Russia [4] . Outdoor media transit advertising can be considered an underutilized medium. It can be a good alternative to typical billboard-based outdoor advertising as a solution to the cluttered urban advertising space. Transit advertising is based on various techniques and methods of marketing content transmission. Advertisements can be shown on the exteriors and interiors of taxis, buses, and trains as fully branded vehicles, in the form of transit shows, interchange promotions, sample distribution and 'transit TV' [5, 6] . Electronic signs that are placed in transit stations can be used [7] . Gray [5] emphasizes the ability to target captive audiences and that cost-effective transit advertising holds people's attention for longer during a journey without a cluttered advertising environment.
Research studies pay very little attention to this area, and taxi advertising has been discussed mainly [4] . Transit media have an increased role in financing public transport [8] . Marketing content that is exposed using transit media is affecting outdoor audiences and has an impact on consumer behaviour. Since customer activity is not registered in electronic systems, the direct influence of visual content in an urban space is difficult to measure. In this paper, we attempt to model the influence of transit advertising on information the spreading processes in an urban space. The main goal of the current study was to model the process of information spreading initiated by transit advertising for the estimation of audiences. Audience measurements for external advertisements that are located on public transport in the form of branded vehicles have not yet been discussed in the literature and the presented study opens several directions for further development. The proposed approach has managerial implications and can help to make the urban advertising space more sustainable and better managed to avoid advertising clutter and habituation effects among target customers. The proposed approach was verified with the use of an example dataset but can be used as a basis for further expansion with the use of more detailed datasets from public transport. The remainder of this paper is organised as follows: Section 2 discusses related work. Section 3 is focused on the assumptions of the proposed approach and the use of cellular automata (a computational model that comprises a grid of cells, in which time and space are discrete). Experimental results are presented in Section 4, followed by the conclusions in Section 5.
Related Work

Transit Media as a Form of Outdoor Advertising
In recent years, marketing has undergone a transformation from one-to-many models within traditional media towards digital media and one-to-one communication [9] . Various forms of marketing are discussed, from traditional media, such as television, print media, and radio, to interactive media, with a current focus on social media and online marketing [10] . New forms of digital marketing provide the ability to precisely track the performance of a campaign, select target groups, and develop one-to-one communication with personalization to better fit customer needs [11] .
As the main marketing channels, other forms of marketing exist in the form of out-of-home marketing. Roux et al. [12] identify four main techniques for out-of-home advertising (OOH): outdoor advertising, various forms of transit media advertising, street-and retail-furniture advertising, and digital and ambient media channels.
They are integrated with day-to-day customer activities within urban spaces with marketing messages on billboards and transit media. The slow transformation of old forms of marketing is observed with the use of new technologies [13] . Electronic profiling increased the personalization ability within urban spaces. It enables the recognition of the recipient via face recognition technologies and matching advertising content [14] . Innovative digital signage technologies provide displays with such features as transparency and flexibility, which can revolutionize their use in space [15] .
Roux [16] observed that despite the many possible forms and techniques, out-of-home advertising has not received much attention in the literature. Earlier studies that were related to out-of-home advertising focused mainly on the performance of traditional billboards [17] [18] [19] . Osborne and Coleman [20] compared traditional billboards and billboards that are based on new technologies and digital screens in terms of effectiveness. Taylor et al. [21] proposed the use of selective-perception theory and retail-gravity models for billboard effectiveness analysis. Because of the large number of advertising messages, the selective perception mechanism helps customers to reduce the number of messages processed and, as a result, most of them are ignored. Gravity theory shows the relationship between the response to urban advertisements and the store's location with observed dropping performance together with the increased distance.
Wilson and Till [22] analysed the role of billboard localization. When new technologies are used within urban spaces, audiences of transit media are more difficult to track because of movement and it is difficult to predict audiences and the overall performance. A study that focused on the effectiveness of taxi advertising demonstrated the potential of this form of marketing [4] . The use of attention-seeking content can differ from that of worn-out typical outdoor marketing content. Transit to acquire deterministic data about the analysed behaviour, the probabilistic approach was used to analyze a bigger experimental space. Methods that are based on cellular automata have been considered [44, 45] .
The implementation of information dissemination processes is associated with many factors, including network structures and social relations [46] . Recent research is shifting from static networks towards dynamic networks and the effects of network changes on the information dissemination process [47] . Other approaches are based on multilayer networks [48] . While early solutions were based on the initial characteristics of the network and used at all stages of the process, new adaptive approaches were recently introduced with emerging strategies that take into account network changes and process parameters [49] .
Many studies and areas that are related to the information spreading processes did not consider models of information spreading within the urban space with transit media. In the current research, a model is constructed with the main objective of examining the mechanics of information spreading via the use of transit media and external advertising content. The next subsections present the methodological background on the use of cellular automata and their extension to graph form.
Information-Spreading Modelling with Cellular Automata and Graph-Based Cellular Automata
To the development of scientific applications of cellular automata (CA), many authors have contributed, such as Toffoli [50] and Toffoli and Margolus [51] , who proposed the use of CA in research on dynamic models, replacing them with models that are based on differential equations. In the following years, CA was used with increasing success to simulate the complicated phenomena of propagation, biological reproduction and spatial processes. The importance of CA was revealed in works that were devoted to urban sprawl modelling [52] [53] [54] [55] [56] and land use changes [57] . As part of their research on the development of cities, Lo and Yang developed a CA model that is based on processes in Reference [58] and other authors subsequently extended it to stochastic methods [59] . Li and Yeh [60] have combined CA with neural networks and spatial systems to create a method for simulating evolution.
Analysing the diffusion aspect, CA models have been used to simulate many real-life problems, e.g., disaster spread predictions [61] , fire spread predictions [62] [63] [64] , oil spill accidents [65, 66] , disease propagation [67] [68] [69] , virus dynamics [70] , and information diffusion on social networks, which is one of the most significant challenges in viral marketing [71] .
Hu et al. [72] have proposed a model that is based on CA and the HIR model for simulating viral propagation of phone messages. The experimental results demonstrate that the model more realistically reflects the spreading characteristics of a virus in a real network compared to the same virus propagation model in mobile phone messages in the simulation results.
Schmit et al. [73] presented an information spreading model that influences the decisions of individuals on whether to buy a product. The model of the consumer market is based on probabilistic CA and ordinary differential equations. A presented approach helps the teacher create various scenarios and provide feedback to the student at simulation runtime. The authors demonstrate the applicability of the proposed model to real-life problems.
Graph-based CA is a class of generalized CA in which the inter-cell connections define a graph of bounded degree [74] . Marr and Hütt [75] evaluated the impact of variations in topology on the dynamic behaviour of the system with local updates of the rules. One-dimensional binary CA were implemented on graphs with various topologies via the formulation of two sets of degree-dependant rules, each of which contains one parameter. The authors observed that the graph topology changes cause transitions between various dynamic domains without a formal change in the update rule. The article discusses implications in the context of information transmission in complex network systems. As presented in Reference [76] , CA on graphs are a parameter-efficient framework for exploring the relationship between network architecture and dynamics from the perspective of pattern formation. Theories of spatiotemporal pattern formation have contributed fundamentally to a deep understanding of natural processes.
In Reference [77] , O'Sullivan presented a new type of dynamic spatial model. The author showed that a graph-CA with specified structural properties that are defined by the relationships between the subsets of cells is a very useful generalisation of the classical CA. Moreover, O'Sullivan argues that deriving a graph-CA both from a graph and formalism of a CA enables the simultaneous application of well-developed methods of describing the model structure and the process dynamics.
For modelling information spreading on the basis of graph-CA, the diffusion model in social networks was developed [78] . The results of examinations have demonstrated that the described system can be useful in predicting the behaviour of users of social networking sites. The results demonstrated the potential of the developed simulation environment and that the effects may be observed in real systems. Graph-CA have been also used to predict the behaviour of Internet shop customers [79] .
The Motivation for the Presented Study
Information spreading is a phenomenon that is associated with acquiring, processing and re-sending information in a network of contacts. This phenomenon is often considered in the context of online social networks and ads that reach users. Users' opinions about an advertisement or product are useful for companies, which sometimes devote time and money to collect them for making future strategic decisions [73] . The consumer receives various information about a product, formulates his opinion, and begins to disseminate this information under the influence of social contacts. After some time, he stops disseminating his opinion if he does not receive more information or advertisements about the product [80] . This approach is in line with the Susceptible/Infected/Recovered (SIR) model [81, 82] . The problem of information spreading by transit advertising presented in this article has hallmarks that result from the SIR model. People walking on the streets and waiting at stops may be susceptible to receiving information (Susceptible) and start to spread it (Infected). After their relatives know the information or the person is no longer interested in this information or product, it stops being spread (Recovered). Additionally, in the presented problem, a common context with Viral Marketing (VM) is identified, which is the domain of social networks [83] . Aldrees and Ykhlef observed that the customers who are responsible for information spreading are important and must be selected well [84] . The authors introduced models of seeding and diffusion in social networks and demonstrated the application of these models in VM. In information spreading by transit advertising, the main problem is to choose the route that is covered by the vehicle and, thus, the possible range over which advertisements are placed. Hence, the choice of the route of a vehicle with advertising can affect its effectiveness. Proper estimation of the effectiveness of advertising that is placed on vehicles that are running on a given line should be investigated.
CA are an effective tool for modelling and simulating phenomena from various areas of life. Many attempts have been made to connect graph theory with CA theory. The usefulness of such a concept has been proved for many applications. However, no such studies have been conducted in the field of information spreading, especially in urban spaces.
According to the literature review, advertisement on public transport vehicles has not been investigated in terms of information spreading. As the methodological background, we assume that cellular automata are used. They are an effective tool for modelling and simulating phenomena from various areas and adequate for the problem of spreading information in an urban space. The usefulness of the CA concept has been proven for many applications. However, no such studies have been conducted in the field of information spreading in urban spaces. In the next sections, the concept of measuring the effects of transit advertising on information propagation within an urban space is presented with the aim of measuring the effectiveness of an advertising medium, which seemed immeasurable until now. 
Proposed Approach
The CA concept is connected to attempts that were made by scientists to represent seemingly complicated processes as a series of simple local decisions [85] . Implementation of this requires the representation of the analysed space as a homogeneous network of cells. The decision at the cell level is made using the transition rule (a function that changes the state of the CA), which depends on the analysed cell and the type of neighbourhood. Well-known definitions include the classical neighbourhood of von Neumann and the neighbourhood of Moore, which include some or all of the cells that are adjacent to the specified cell. Another type of neighbourhood was proposed by Hoffmann et al. [86] , where the cell state consists of a data field and additional indicators. With the help of these indicators, each cell has read access to any other cell in the cell field and the indicators can be changed from generation to generation, which causes the neighbourhood to be dynamic and differ from cell to cell. The neighbourhood problem becomes more complex in irregular spaces due to issues that are related to land use changes and the adaptation of urban spaces for other purposes [87] [88] [89] [90] [91] . Each cell selects one state from a finite set of states. Networks are most commonly one-or two-dimensional. However, any finite size is possible. In the CA model, time is discreet. Adjacent cells are connected to a specified cell and do not change [92] . Due to the iterative use of rules, the CA process reflects the description of the behaviour of the global system [93] . The CA system is considered a reliable computational system [94] .
In a presented approach focused on information spreading in urban space modelling, the CA cell represents a single fragment of an element of the environment, such as land, urban barriers, people, or public transport vehicles. Based on the interactions between distinguished elements like marketing content integrated with vehicles and pedestrians together with their relations with the environment, we can simulate these interactions by being susceptible to external stimuli or influencing the environment.
In this article, the CA-based approach was developed with the aim of transferring information in the immediate neighbourhood and providing the information to the environment away from the initiating location. For the first aim, a classic approach that is based on Moore's neighbourhood ( Figure 1 ) is used in which the spread of information can take place in each direction and information can be propagated to the nearest of eight cells that are adjacent to the initiating cell with each cell representing an element of urban space. help of these indicators, each cell has read access to any other cell in the cell field and the indicators can be changed from generation to generation, which causes the neighbourhood to be dynamic and differ from cell to cell. The neighbourhood problem becomes more complex in irregular spaces due to issues that are related to land use changes and the adaptation of urban spaces for other purposes [87] [88] [89] [90] [91] . Each cell selects one state from a finite set of states. Networks are most commonly one-or two-dimensional. However, any finite size is possible. In the CA model, time is discreet. Adjacent cells are connected to a specified cell and do not change [92] . Due to the iterative use of rules, the CA process reflects the description of the behaviour of the global system [93] . The CA system is considered a reliable computational system [94] .
In this article, the CA-based approach was developed with the aim of transferring information in the immediate neighbourhood and providing the information to the environment away from the initiating location. For the first aim, a classic approach that is based on Moore's neighbourhood ( Figure 1 ) is used in which the spread of information can take place in each direction and information can be propagated to the nearest of eight cells that are adjacent to the initiating cell with each cell representing an element of urban space. The second aim is related to the transfer of information to the more distant environment, and the approach is based on graph-CA, which uses the model of spreading information relative to the relation-based neighbourhood (Figure 2 ), i.e., a logically dependent neighbourhood, for example, the distance within social networks. In this case, information is disseminated by transferring it to a logically neighbouring cell, which does not have to be adjacent in the physical context. This corresponds to the real situation in which a person transfers information from one place to another by moving and/or transmitting information through an additional medium (e.g., an entry on a social network or publication of a picture that was recently taken). People who receive such a signal may be in another part of the city (or even the world) and, therefore, are not dependent on physical proximity (immediate proximity) to the initiator (in this case, a CA cell). A person who receives the signal (information) can further distribute it and share the information with people in the vicinity (move to neighbouring cells). This person may forget about the received information if he is not interested in this information or there is no reminder about this information, which will be described in more detail later in this article. The second aim is related to the transfer of information to the more distant environment, and the approach is based on graph-CA, which uses the model of spreading information relative to the relation-based neighbourhood (Figure 2 ), i.e., a logically dependent neighbourhood, for example, the distance within social networks. In this case, information is disseminated by transferring it to a logically neighbouring cell, which does not have to be adjacent in the physical context. This corresponds to the real situation in which a person transfers information from one place to another by moving and/or transmitting information through an additional medium (e.g., an entry on a social network or publication of a picture that was recently taken). People who receive such a signal may be in another part of the city (or even the world) and, therefore, are not dependent on physical proximity (immediate Symmetry 2019, 11, 428 7 of 21 proximity) to the initiator (in this case, a CA cell). A person who receives the signal (information) can further distribute it and share the information with people in the vicinity (move to neighbouring cells). This person may forget about the received information if he is not interested in this information or there is no reminder about this information, which will be described in more detail later in this article.
The proposed approach uses classic CA and graph-based CA for modelling the spreading process. Used classic CA take form of:
which is described by Reference [95] as follows:
• automaton state S, which depends on s i sets of states of individual cells;
F CA rule defining the state of cell v at time t + 1, which depends on the state of this cell and its neighbourhood N(v i ) at time t. If F CA is dependent on a random variable, then it is a probabilistic CA.
Automaton state S represents information in each cell within defined grid d based on urban space maps. States are based on information acquired from transit media or as a result of contact with information spreaders. States of cells are based on rules F CA defining changing states of cells as a result of information spreading with given probabilities. Classical CA used assumes information transfer only from direct neighbours as a result of physical contacts. • cell grid in (dimensional space ( 1));
• rule defining the state of cell at time + 1, which depends on the state of this cell and its neighbourhood ( ) at time . If is dependent on a random variable, then it is a probabilistic CA. Automaton state S represents information in each cell within defined grid d based on urban space maps. States are based on information acquired from transit media or as a result of contact with information spreaders. States of cells are based on rules defining changing states of cells as a result of information spreading with given probabilities. Classical CA used assumes information transfer only from direct neighbours as a result of physical contacts.
While in real systems information spreading can be based on non-physical contact with the use of electronic systems, we used graph based CA with structurally dynamic relative neighbourhood graph-based CA (r-GCA) as:
where:
• : dimension in a (dimensional space ( 1) ) that represents a cell grid;
• : activity state of an automaton, which depends on the set of activity states q of individual cells;
• : state of the automaton, which depends on the set of states s of individual cells; • : directed weighted graph = ( , , ), which is defined by a set of nodes (hereinafter, vertices) , set of edges , set of weights and edge weight function . Function (the weight function) defines the weights of the edges of graph :
where ∈ or, more generally, ∈ . Weights are values that indicate the significance of the connections between the vertices. In systems where there are many vertices that are connected to each other, not all connections have the same priority. For example, in the real world, crossing the road from one city to another may require a specific amount of time or energy; in the virtual world While in real systems information spreading can be based on non-physical contact with the use of electronic systems, we used graph based CA with structurally dynamic relative neighbourhood graph-based CA (r-GCA) as:
) that represents a cell grid; • Q: activity state of an automaton, which depends on the set of activity states q i of individual cells; • S: state of the automaton, which depends on the set of states s i of individual cells;
, which is defined by a set of nodes (hereinafter, vertices) V, set of edges E, set of weights K and edge weight function α. Function α (the weight function) defines the weights of the edges of graph G:
where K ∈ N or, more generally, K ∈ R. Weights are values that indicate the significance of the connections between the vertices. In systems where there are many vertices that are connected to each other, not all connections have the same priority. For example, in the real world, crossing the road from one city to another may require a specific amount of time or energy; in the virtual The automaton r-GCA is defined by a directed weighted graph G (which was discussed above) and automaton state S t (at time t), which means that each graph vertex v i ∈ V(G) corresponds to one automaton cell. A cell neighbourhood of this CA is defined by the graph edges that belong to the vertex set E(G), which means that for every
exists, which is described by the in-edges and out-edges of this vertex:
The sets of weights of in-edges K in (v i ) and out-edges K out (v i ) of a graph G for neighbourhoods are sets of edge weights k ij and k ji that belong to a set of weights K such that the edge that they describe belongs to the set of edges of the graph G. They can be defined as
A neighbourhood can be defined by a neighbourhood matrix and the weights of the directed edges can be written as a weight matrix. Matrices are structures that can be easily manipulated in a computer program and can store information. If the graph has n vertices, the neighbourhood matrix A(G) of size n × n is built as follows:
where a ij = 1 for v i v j ∈ E(G) and a ij = 0 for v i v j / ∈ E(G). For this graph, the weighted neighbourhood matrix W(G) of size n × n includes the weight coefficients of the individual edges of the directed graph:
where w ij = k ij for v i v j ∈ E(G) and w ij = 0 for v i v j / ∈ E(G), k ij ∈ K. The local rule F r-GCA depends on the state of cell v i , which is described by the graph and the neighbouring cell states that affect it are described by neighbourhood N in (v i ); the influence of a neighbourhood is expressed by weight K in (v i ) of the edge in the graph that describes each neighbourhood within N in (v i ).
Therefore, generally:
In contrast to the classic, homogeneous CA with a regular neighbourhood, in the presented approach, we deal with two types of neighbourhoods:
• physical: corresponding to the neighbourhood of the CA cells in the d-dimensional space within urban space, and • logical: a set of relational neighbourhoods within social networks that are described by a G-graph (which is reconfigurable in time), which enables the modelling of a system with a variable number of objects in time.
Due to the relation-based neighbourhood, the graph's weights do not represent the distance between the cells; instead, they correspond to the relations between the cell-related objects of the modelled system. In particular, such a relationship may be:
• any relation between the objects represented by the vertices of the graph (e.g., the relationship between people in an urban space or the relationship between people who are registered on the social network); or • the distance between objects represented by the vertices of the graph.
In the discussed approach, this dependence is a relationship between members of a community (e.g., family, friends). The information is spread to another person in the community, regardless of the place where the person is currently staying, for example, by phone or via an entry on their profile. The latter case especially can cause the additional spread of information because more than one person can read the statement about noticing a specific advertisement. As a consequence, the information spreads not only in the surroundings of the public transport vehicle with the displayed advertisement but also in other areas of this space.
A person who has seen the advertisement can stop at some point in the urban space, which is connected with stopping the spread of the information that he has. The probability of stopping each cell (connected to a person) is drawn from the range from 0 to 1 (in real conditions, who stops and when are unpredictable values). The person can also forget about the advertisement; in this case, he moves on, but he does not spread the information anymore because he cannot remember it. The forgetting curve of Ebbinghaus [96] , which describes the decline in the brain's ability to retain information over time, has been used:
where R denotes the retention of memory; s, the relative strength of memory; and t, time.
If during a further movement, a person encounters a public transport vehicle with the same advertisement, then he/she remembers this advertisement and re-spreads the information. The probability of seeing an advertisement (P r ) depends on the distance of a person to a public transport vehicle with an advertisement and is determined according to the exemplary rules, which are as follows: It should be noted that the developed model and system take into account the process of recalling the advertisement and forgetting the advertisement. The given values only symbolize these facts. However, for the actual inclusion of this process, the necessary field research should be done in order to obtain real data.
In contrast with homogeneous (classic) CA, we have the F rcG rule, which refers to the cell structure configuration and the corresponding neighbourhoods. The initial configuration of the cellular cell structure may change over time by
• activating inactive cells of the CA (which corresponds to the addition of related vertices to the graph); • deactivating cells of the CA (which corresponds to the removal of the corresponding vertices in the graph and the edges that are associated with them); and • adding or removing edges in a graph, which results in the establishment or breaking of a neighbourhood relationship.
Let us consider R rc from Equation (2) for the case of information spreading. Essentially, this is a general rule that defines the conditions for activating or deactivating cells of CA and the principles of graph reconfiguration (it specifies which sets are added and deleted by the vertices F rcG and the edges of the graph G). In the analyzed case, they can be understood as a set of possible modifications of the scenario in an urban space, which changes over time. Vehicles with advertising are move along the way while being noticed or not noticed by walking people who, in turn, are approaching and/or moving away from public transport vehicles and remembering what they have seen to various degrees. In addition, the initiated information may or may not be received by the user. In this way, every move generates the need for changes to the structure of the graph that describes the area in subsequent iterations. The list of modifications to graph elements that are specified by R rc is processed by function F rcG .
Thus, function F rcG can be understood as all possible modifications of the graph. In complex systems (e.g., social networks and information spreading), the structure of the graph that describes the system is constantly changing; hence, it is necessary to perform operations that are related to removing graph edges, deleting graph vertices, and adding edges and vertices to the graph [97] .
A change in the global graph configuration can be defined by a function of global graph reconfiguration:
which is defined as a combination of a few functions that are dependent on one another:
Thus,
where V del is a set of vertices that are deleted from graph G, V add is a set of vertices that are added to graph G, and E del and E add are sets of edges that are deleted and added, respectively, to graph G.
If for each t and t + 1, equation G t+1 = G t is satisfied, then the graph is not reconfigurable over time.
When the configuration of the graph changes, a new graph is created, which may differ from the previous one in terms of the number of vertices, edges, or weights. This type of reconfiguration of the graph constitutes the basis for the neighbourhood in the following new graph-CA. The model that is presented above is unique due to the use of relation-based neighbourhoods for the first time in the process of modelling information spreading in an urban space.
To implement the above-described theoretical aspects, a conceptual framework was developed ( Figure 3) . The framework is multi-layered and universal, which makes it possible to apply the presented approach to any analysed urban area such as a city or an urban agglomeration. The first designed layer is the data acquisition layer, whose tasks are to collect data on the movement of public transport vehicles, collect quantitative measurements of the analysed urban space and prepare data storage structures. The task of the second layer is to prepare mechanisms that enable the modification and supplementing of the data that are provided by the first layer. The quantitative data are edited, for example, the number of people who are getting on and off at individual stops and other values that are needed for modelling and were not automatically obtained by the first layer. The tasks of the third layer are to model the spread of information in the urban space based on the available methodology and to present the results.
To evaluate the methodical concept, the information system "Information Spreading in Urban Space" was implemented. The developed system implements both methodological concepts (space analysis based on classic CA and graph-CA). The system allows the process of information spreading to be simulated in two ways: with the help of public transport vehicles and further propagation of information through people who have noticed the advertisement. The first method, namely, the simulation of the movement of a public transport vehicle, is based on data that were collected from the timetable (taken from the public transport authority of Szczecin city) and the actual coordinates, which are obtained from the Google Maps API. Then, the coordinates are converted to the indication for specific CA cells. The vehicle moves on individual cells while aiming at the target cell. The second way to spread the information is to simulate the movement of people who have seen the advertisement. Each person moves during every period of time, depending on the degree of map approximation. When determining the time for moving people, the average human walking speed, which is 1.34 m/s [98] , was taken into account. For each moving person, the direction of his/her journey is drawn, which is consistent with the Moore neighbourhood that was discussed earlier. In the later stage of the system's operation, the assumptions that were discussed earlier are taken into account, namely, the probability of noticing an advertisement from a distance and the forgetting curve of Ebbinghaus. The system outputs thermal maps that depict the places where information has arrived and graphs that present numerical values. journey is drawn, which is consistent with the Moore neighbourhood that was discussed earlier.
In the later stage of the system's operation, the assumptions that were discussed earlier are taken into account, namely, the probability of noticing an advertisement from a distance and the forgetting curve of Ebbinghaus. The system outputs thermal maps that depict the places where information has arrived and graphs that present numerical values. 
Results of Simulation
This section presents the results of experimental research that was carried out for transit media in the city of Szczecin, which is located in the north-western part of Poland. Szczecin ranks third in terms of the occupied area (300.55 km 2 , of which almost 24% is under water) and seventh in terms of the population in Poland. The city is the centre of the Szczecin agglomeration (one of eight Polish metropolises according to the European Observation Network for Territorial Development and Cohesion (ESPON). According to data from 30 June 2017, the city had 405,413 inhabitants. The Odra river flows through the city, dividing the area into two parts. The larger part (left bank) contains the city centre and the majority of the industrial and residential districts. Mostly houses and residential districts are located in the second part (right bank). In the analysed city, all trams pass through the city centre, bringing people from residential parts of the city. Studies were performed using classic CA and graph CA. All results are presented in the form of heat maps of the urban area and in the form of detailed graphs that show the areas that are reached by the information about the advertisements. Two independent research processes, which are presented in Sections 4.1 and 4.2, were carried out, each with three independent studies, including the placement of the advertisement 
This section presents the results of experimental research that was carried out for transit media in the city of Szczecin, which is located in the north-western part of Poland. Szczecin ranks third in terms of the occupied area (300.55 km 2 , of which almost 24% is under water) and seventh in terms of the population in Poland. The city is the centre of the Szczecin agglomeration (one of eight Polish metropolises according to the European Observation Network for Territorial Development and Cohesion (ESPON). According to data from 30 June 2017, the city had 405,413 inhabitants. The Odra river flows through the city, dividing the area into two parts. The larger part (left bank) contains the city centre and the majority of the industrial and residential districts. Mostly houses and residential districts are located in the second part (right bank). In the analysed city, all trams pass through the city centre, bringing people from residential parts of the city. Studies were performed using classic CA and graph CA. All results are presented in the form of heat maps of the urban area and in the form of detailed graphs that show the areas that are reached by the information about the advertisements. Two independent research processes, which are presented in Sections 4.1 and 4.2, were carried out, each with three independent studies, including the placement of the advertisement on several communication vehicles that are running on selected lines. The aim was to check whether the choice of the route of public transport vehicles influences the propagation of advertising in the city and how the strategies that are used affect the coverage. The following initial simulation parameters were adopted:
• timetables, which were acquired from the public transport company; Tram lines were selected for experiments in such a way that the vehicle routes were as diverse as possible in terms of area (especially for the tests with 3 and 5 tram lines). The research is based on the tram communication timetable for weekdays, holidays and weekends.
Modelling Results Based on Classic Cellular Automata
The first study involved the propagation of information about advertisements on the basis of classic cellular machines, that is, the transmission of information from a cell to the nearest neighbouring cell. The data from simulations were divided into groups according to the tram line for analysis. In the first stage, the total coverage was analysed and the results, which are shown in Figure 4a -c, demonstrate the larger coverage of the area with information (26.29%) when the advertisement is placed on all available tram lines compared to the coverage of 18.16% for 3 selected lines and 21% for 5 selected lines. 
The first study involved the propagation of information about advertisements on the basis of classic cellular machines, that is, the transmission of information from a cell to the nearest neighbouring cell. The data from simulations were divided into groups according to the tram line for analysis. In the first stage, the total coverage was analysed and the results, which are shown in Figure 4a A detailed analysis of the obtained results (Figure 5a-c) shows that the inclusion of all tram lines with the given advertisement causes the highest (35.45%) intensity of information about the advertisement (red colour with the label 201+) compared to the intensity of 22.08% for the advertisement that is placed on three tram lines and an intensity of 28.29% for the advertisement that is placed on five tram lines. The labels in Figure 6a A detailed analysis of the obtained results (Figure 5a-c) shows that the inclusion of all tram lines with the given advertisement causes the highest (35.45%) intensity of information about the advertisement (red colour with the label 201+) compared to the intensity of 22.08% for the advertisement that is placed on three tram lines and an intensity of 28.29% for the advertisement that is placed on five tram lines. The labels in Figure 6a Simulation results were applied to the city map and they show areas that were reached by marketing content in the form of heat maps. Detailed results from simulations based on classical CA are presented in Table 1 . Analysis of the results leads to two main conclusions: First, the largest amount of information spread occurs along the routes of public transport lines, in the tram stops, and in the centre of the city, where the most public transport lines cross. In the forgetting process, an information reminder (the re-appearance of a vehicle with the same advertisement) plays a very important role. Thanks to this phenomenon, information about an advertisement is further propagated and its trace is visible on the heat map. Only after moving away from the clusters of public transport lines does the spread of information begin to slow.
Modelling Results Based on Graph Cellular Automata
The next study concerned information propagation on the basis of graph cellular automata, which allowed the additional effect of the transmission of information to other segments of the network to be taken into account. In this way, information about advertising spreads not only to the nearest CA cells (as in the case that was discussed above) but also to cells that are physically separated Simulation results were applied to the city map and they show areas that were reached by marketing content in the form of heat maps. Detailed results from simulations based on classical CA are presented in Table 1 . Analysis of the results leads to two main conclusions: First, the largest amount of information spread occurs along the routes of public transport lines, in the tram stops, and in the centre of the city, where the most public transport lines cross. In the forgetting process, an information reminder (the re-appearance of a vehicle with the same advertisement) plays a very important role. Thanks to this phenomenon, information about an advertisement is further propagated and its trace is visible on the heat map. Only after moving away from the clusters of public transport lines does the spread of information begin to slow.
The next study concerned information propagation on the basis of graph cellular automata, which allowed the additional effect of the transmission of information to other segments of the network to be taken into account. In this way, information about advertising spreads not only to the nearest CA cells (as in the case that was discussed above) but also to cells that are physically separated from the initiating cell and are in a logical relation with it (this issue is described in Section 3). In the discussed studies, the same configurations of tram lines with the same advertising were used as in the previous study. The same initial simulation parameters were adopted while also taking into account the probability of informing other users via social media. Detailed results from the simulations that are based on classical CA are presented in Table 2 . Land coverage proves to be much greater-from 43.07% (for three lines) to 77.87% (for all lines), as shown in Figure 7a -c. The nearest tram lines and stops receive similar amounts of information (Table 1) ; however, due to the larger area to which information has arrived, the share is smaller. Land coverage proves to be much greater-from 43.07% (for three lines) to 77.87% (for all lines), as shown in Figure 7a -c. The nearest tram lines and stops receive similar amounts of information (Table 1) ; however, due to the larger area to which information has arrived, the share is smaller. In contrast, the percentage share of the area that is far from the places of advertising is much larger than in previous studies and reaches 77%, which translates into the numerical values that are shown in Figure 8a In contrast, the percentage share of the area that is far from the places of advertising is much larger than in previous studies and reaches 77%, which translates into the numerical values that are shown in Figure 8a -c. This means that the model is working properly and that individual cells have been relaying information to physically separated cells that satisfy a logical relation.
(77.87%), with the graph CA approach.
In contrast, the percentage share of the area that is far from the places of advertising is much larger than in previous studies and reaches 77%, which translates into the numerical values that are shown in Figure 8a -c. This means that the model is working properly and that individual cells have been relaying information to physically separated cells that satisfy a logical relation. 
Symmetry Aspects
Information spreading with the use of cellular automata is symmetric itself. In this study, the authors used a symmetric neighbourhood. In the literature, CA according to Wolfram's classification, are divided into four classes [85] . The study of symmetry in individual classes was addressed in References [99] . The author investigated the issue of development of pattern formation from the viewpoint of symmetry and he applied a two-dimensional discrete Walsh analysis to a onedimensional cellular automata model under two types of regular initial conditions. The geometric symmetry property in CA was also used in the continuous optimization algorithm [100] . In the other article, the authors proposed a polynomial time algorithm to identify self-symmetric rules and pairwise symmetric rules in any type of symmetric lattice in a two dimensional CA, which are capable of generating symmetric patterns [101] .
Limitations of the Study
In the article, the authors made several assumptions to obtain data in the system. These are the values that should be obtained through field studies: the time followed by the actual forgetfulness of the advertisement, the distance from which the man pays attention to the public transport vehicles and the advertisement located on them, the exact number of people getting on and off at stops, the value corresponding to the number of advertisements people can see on a bus or tram at any one time. For technical reasons, the authors used approximate data.
Conclusions
Although transit advertising is one of the commonly used forms of outdoor marketing, the analytical capabilities that are associated with this medium are limited. There are very few studies on the effectiveness of advertising activities related to transit systems. To the best of the authors' knowledge, the presented solution is the first attempt to model phenomena related to the propagation 
Symmetry Aspects
Information spreading with the use of cellular automata is symmetric itself. In this study, the authors used a symmetric neighbourhood. In the literature, CA according to Wolfram's classification, are divided into four classes [85] . The study of symmetry in individual classes was addressed in References [99] . The author investigated the issue of development of pattern formation from the viewpoint of symmetry and he applied a two-dimensional discrete Walsh analysis to a one-dimensional cellular automata model under two types of regular initial conditions. The geometric symmetry property in CA was also used in the continuous optimization algorithm [100] . In the other article, the authors proposed a polynomial time algorithm to identify self-symmetric rules and pairwise symmetric rules in any type of symmetric lattice in a two dimensional CA, which are capable of generating symmetric patterns [101] .
Limitations of the Study
Conclusions
Although transit advertising is one of the commonly used forms of outdoor marketing, the analytical capabilities that are associated with this medium are limited. There are very few studies on the effectiveness of advertising activities related to transit systems. To the best of the authors' knowledge, the presented solution is the first attempt to model phenomena related to the propagation of information in an urban space with the participation of transit advertising. The main contributions of the presented work are as follows:
• development of a model that is based on classical and cellular graph automata for the representation of information propagation within an urban space that is initiated by transit advertising; • development of a new method for measuring the effectiveness of transit advertising within an urban space; and • implementation of a practical framework for simulation research and verification of the presented methods.
The main objective of the work was to develop a model and, subsequently, a system for simulating the spread of information in an urban space. Information propagation processes were initiated by advertisements that were placed on transit vehicles. The simulations considered various scenarios and examined how to achieve acceptable results with few public transport lines, which translates into the possibility of reducing the cost of such advertising activities. For the simulation, cellular automata were used in both the classical and graph form.
The simulations provided data related to the effectiveness of the considered scenarios of the use of advertising space on transit media. On the basis of this research, it is concluded that a sufficient effect is achieved by advertisement on three to five lines. The lines were localized in completely different areas of the city but have common intersection points in the centre. Hence, people who knew about the advertisement but forgot about it recorded information about it after encountering another tram with the same advertisement. The difference in the city areas that were covered by advertising on ten lines compared to five was low; however, the cost of advertising was twice as high. In addition, if people are encouraged to provide information about advertising to other people, the extent of the spread of information from an advertisement increases significantly. The results of the research demonstrated that the system is suitable for forecasting the spread of information that is located on public transport vehicles.
The proposed approach leads to several managerial implications. From the perspective of companies using transit media for marketing purposes, it is the first work addressing the problem of proper allocation and usage of transit media in a detailed way. The proposed approach opens possibilities for optimization, selection of transit lines with the use of their timing and the areas covered. Companies managing advertising space within transit media can use the proposed approach to evaluate their potential and adjust pricing models to real advertising performance and potential. This research makes it possible to better allocate advertising budgets and make urban space more sustainable without overloading it with advertisements. The proper allocation of advertising content can help to avoid habituation effect when the same advertising content is presented many times to the same audience. It is an attempt to add quantitative characteristics to traditional media that are difficult to measure.
The presented research covers a fraction of the possible research questions that will be considered in future work. The system has been designed in such a way that it can be extended and used with detailed datasets from public transport systems. Currently, it counts the number of people who saw the advertisement on a public transport vehicle or obtained information about it from another person. To further develop the model, internal advertising can be included, and it is possible to use electronic displays and dynamic transit advertising that depend on the location of the vehicle and the time. While the proposed approach requires several assumptions, the future focus should be put on real data acquisition from various sources. Modern advertising techniques include elements of interaction even within traditional advertising to get feedback with the use of social media or SMS. It would be helpful to evaluate information dissemination effects. Future work can also include the usage of mobile devices and sensors for gathering more precise data about behaviours.
